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Schedulability Test of Fixed-Priority (FP) Scheduling

Time Demand Analysis (TDA): Task 74 (with D; = T;) can be
feasibly scheduled by a fixed-priority scheduling algorithm if

k—1
t
Jtwith 0 <t < Ty and G+ {TW G <t.
=11

(I will implicitly assume k — 1 higher-priority tasks.)

echnische universitat S fakultat fir computer
and I2

'
(U & informatik science 12 Prof. Dr. Jian-Jia Chen (TU Dortmund) 4 /38

a



Schedulability Test of Fixed-Priority (FP) Scheduling

Time Demand Analysis (TDA): Task 74 (with D; = T;) can be
feasibly scheduled by a fixed-priority scheduling algorithm if

k—1
t
Jtwith 0 <t < Ty and G+ {TW G <t.
=11
(I will implicitly assume k — 1 higher-priority tasks.)
e This test takes pseudo-polynomial time
o If Cy is small enough, it always answers “schedulable”.

e Can we derive such a bound of Cy efficiently?
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(Liu and Layland-Bound) Structure

The non-schedulability of task 7 in rate-monotonic scheduling
(RM) implies the following structure if 277 > T:

n ) )
=] =
Y ‘'m T
i 5] ¥
Minimize Zf;l Ui

k—1 Jj—1
G+Y G+> G>TpVji=12... k-1,
i=1 i=0

k—1
C}+—2 E G > Ty.
T fakultat f =1
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Key Questions

Does there exist a unified utilization-based analysis,
regardless of the platform model or the task model?
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Key Questions

Does there exist a unified utilization-based analysis,
regardless of the platform model or the task model?

How can we find the bound of Cy efficiently?

Can we build utilization-based analysis almost
automatically by referring to a schedulability test?
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Utilization-Based Analytical Framework
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Revisit (Liu and Layland-Bound) Structure
o GG=TU

e The non-schedulability of 7, implies such a structure if 2T7 > Ty:

Q| . . 05|

Objective is to find the minimum C such that

k—1 j—1
Cr + E G+ E G > Tj,VjIl,2,...,k*1,
i=1 i=0
k—1
Ce+2 E G > T.
i=1
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o GG=TU

e The non-schedulability of 7, implies such a structure if 2T7 > Ty:

Q| . . 05|

Objective is to find the minimum C such that

k—1 j—1
G+ Tili+> Tl >Tpvj=12... k-1,
i=1 i=0

k—1
Ce+2 E T:U; > Tyg.
i=1
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k-Point Effective Schedulability Test

Let us replace T; > 0 with t; > 0 (as a variable)

A k-point effective schedulability test is

« a sufficient test by verifying the existence of t; € {t1,to, ... tx}
with 0 <ty <tp <+ <tyg <ty

e such that
k—1 j—1
Gt D tUi+> iU <t
i=1 i=1
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k-Point Effective Schedulability Test

Let us replace T; > 0 with t; > 0 (as a variable)

A k-point effective schedulability test is

« a sufficient test by verifying the existence of t; € {t1,to, ... tx}
with 0 <ty <tp <+ <tyg <ty

e such that
k—1 Jj-1
Ci + ZO&,’i’,’U; + Z/Bitiui < t.
i=1 i=1

In the above Liu&Layland task model as an example:
cai=1,8=1Vi=12,... k-1
o t;=T,Vi=12,... k
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Key Result

Suppose a given k-point effective schedulability test of a scheduling
algorithm, in which 0 < a; <, and 0 < 3; < S8 for any
i=1,2,....k—1,0<t.
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Key Result

Suppose a given k-point effective schedulability test of a scheduling
algorithm, in which 0 < a; <, and 0 < 3; < S8 for any
i=1,2,....k—1,0< t.

Lemma

Lemma 1 Task 7y is schedulable by the scheduling algorithm if the
following condition holds

[T a

b [ (BU+1) B
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Key Result

Suppose a given k-point effective schedulability test of a scheduling
algorithm, in which 0 < a; <, and 0 < 3; < S8 for any
i=1,2,....k—1,0< t.

Lemma

Lemma 1 Task 7y is schedulable by the scheduling algorithm if the
following condition holds

c _
<k+ )H(BU +1)<24
5) 11 57
Ji
In the above Liu&Layland task model as an example:
e ¥ = 1’/8 = 1
o b= Tk

¢ Hyperbolic Bound: H _(Ui+1) <2
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A Sketched Proof

The unschedulability implies that Cx > C}, where C} is defined in
the following optimization problem:

infimum  Cj
j—1
such that Ck—i-ZoztU—i—ZﬁtU> Vi=1,2,...,k
i=1 i=1
t >0, Vi=1,2,... k

where tf, t5,...,t;_; and C are variables, «, 3 are constants, and
t; is defined as ty.
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A Sketched Proof

The unschedulability implies that Cx > C}, where C} is defined in
the following optimization problem:

infimum  Cj
k—1 -1
such that Ci + Y atiUi+> BtiUi>t, V=12, k
i=1 i=1
t >0, Vi=1,2,... k

where tf, t5,...,t;_; and C are variables, «, 3 are constants, and
t; is defined as ty.

The above linear programming gives the minimum C; to be
unschedulable. Therefore, if C, < C/, task 74 is guaranteed to be
schedulable.
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Framework (First Part)

define t;,Vi < k and order k — 1 tasks

Demonstrated Applications:

Sec. 5.1:
Sec. 5.2:

App. C:

Sec. 6.1:
Sec. 6.2:

Constrained-deadline sporadic tasks
Arbitrary-deadline sporadic tasks
Multiframe tasks

Multiprocessor DAG

Multiprocessor self-suspension

Derive k-point
schedulability parameters
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Hyperbolic Bound for Sporadic Task Systems

Let t; be L%J T;. Therefore, we have o; =1 and 3; < 1.

[Bini and Buttazzo, ECRTS 2001] Task 74 is schedulable by RM on
a uniprocessor system if

k
[Twi+n<2
i=1

4
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Direct Implications

From the schedulability condition (C +3) H HBU +1) < g+1

Lemma

(Lemma 2) Task 7y is schedulable by the scheduling algorithm if

x[=

L (@ +5)
Byr—1
+ZU< Tt i ) AP

)

(k=1)((a+B) k-1 )+((oc+ﬁ)k —a)

otherwise.
Lemma
(Lemma 3) Task 7y is schedulable by the scheduling algorithm if

k—1 o
a4q
52U,-<|n<£ a).
i T

. T B
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k-Point Effective Schedulability Test: k?>Q
Definition

[Last Release Time Ordering] Let 7 be the last release time ordering as-
signment as a bijective function 7 : hp(7x) — {1,2,...,k — 1} to define
the last release time ordering of task 7; € hp(7) in the window of interest.

A k-last-release effective schedulability test under a given ordering 7 of the
k—1 higher priority tasks is a sufficient schedulability test of a fixed-priority
scheduling policy by verifying the existence of t; < tp < -+ < ty_1 <ty
such that

k—1

j-1
Ck+zaitiui+z/8ici <t (1)
i—1 -1

where C, >0, fori=1,2,...,k—1,a; >0, U; >0, C; >0,and 3, >0
are dependent upon the setting of the task models and task 7;.
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Key Lemma

Lemma

[Lemma 5] For a given k-point last-release schedulability test of a
scheduling algorithm, in which 0 < «j, and 0 < B; for any
i=1,2,...,k—1,0< t, Z’ la,U-gl,ande-‘z_llﬂ,-C,-gtk,
task Ty is schedulable by the fixed-priority scheduling algorithm if
the following condition holds

Ck kz:loz;U,- - S (BiG — i Ui BKCZ)). (2)

ty
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Key Lemma

Lemma

[Lemma 5] For a given k-point last-release schedulability test of a
scheduling algorithm, in which 0 < «j, and 0 < B; for any
i=1,2,...,k—1,0< t, Z’ la,U-gl,ande‘z_llﬂ,-C,-gtk,
task Ty is schedulable by the fixed-priority scheduling algorithm if
the following condition holds

k-1 k—1 k—1
S g S 0iU; 2ima (BiGi — iUy i BeGr)) 2)

ty

The worst-case ordering 7 of the k — 1 higher-priority tasks is to
order the tasks in a non-increasing order of g'—g'
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A Sketched Proof

The unschedulability implies that Cx > C}, where C} is defined in
the following optimization problem:

infimum Cj
Jj—1
such that Ck+2atU+ZB,C> Vji=12,....k
i=1 i=1
£ >0, Vi=1,2,... k

where tf, t5,...,t;_; and C are variables, «;, 3; are constants,
and t; is defined as ty.
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A Sketched Proof

The unschedulability implies that Cx > C}, where C} is defined in
the following optimization problem:

infimum Cj
k—1 j—1
such that Cf + Y aitf Ui+ Y BiG>tf, Vj=1,2,....k
i=1 i=1
t >0, V=12 .k

where tf, t5,...,t;_; and C are variables, «;, 3; are constants,
and t; is defined as ty.

The above linear programming gives the minimum C; to be
unschedulable. Therefore, if C, < C/, task 74 is guaranteed to be
schedulable.
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Quadratic Bound for Sporadic Task Systems

@ - )
o1 ‘m 1
7] [ T

Task 7 is schedulable by RM on a uniprocessor system if

k—1 k—1 k—1
0<1-U—2) Ui+05 ((ZU;)2+(ZU,2)> :

i=1 i=1 i=1
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How to Use the Framework

e Parameters a; and 3; affect the quality of the schedulability

bounds
e Deriving the good settings of «; and 3; is not part of this
framework.
e The framework simply derives the bounds/tests according to
a; and B;

e The correctness of «; and f3; is not verified by the framework.

e The hyperbolic/quadratic bounds or utilization bounds can be
automatically derived
e The other approaches seek for the total utilization bounds
e They have limited applications and are less flexible.
o After a; and 3; or their safe upper bounds « and 3 are
derived, the task model is not further referred.

technische universitat S fakultat fiir |2 computer

dortmund informatik science 12 Prof. Dr. Jian-Jia Chen (TU Dortmund) 20 / 38



Comparisons

Adopting different tests from kU and k*Q for RM uniprocessor
scheduling with k =2 and U; = 0.3.

0.7 =
.K ‘Lemma 1 - k2U —
“m% Lemma 5 - k2Q -
0.65 Lemma 7 - k2Q 1
Too,
0.6 — ]
— P
055} ~.. |
0.5t
0450701 02 03 04 05 06 07 08 00
T,/T,
’(Jeoc‘:;"iizeuwersmat ‘ - if:fkourlr;éatt:i' cS |2§§(§ﬁc“e‘°w'z Prof. Dr. Jian-Jia Chen (TU Dortmund)
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When to Use Which?

o k2U (Version 1 above)

o define any valid k points to obtain the corresponding «; and 3;

e more precise if the corresponding exponential-time
(pseudo-polynomial-time) test is an exact test

e may be less precise if the corresponding test requires some
pessimism to be constructed, to be shown later

e k2Q (Version 2 above)

o define k last release points to obtain the corresponding «; and
Bi

e has to typically consider the last release ordering

o less precise if the corresponding exponential-time
(pseudo-polynomial-time) test is an exact test

e may be more precise by starting from the exponential-time
test, to be shown later

e can be generalized for response-time analysis
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Selected Applications
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Deadline-Monotonic Scheduling

o let hp(7k) be the set of tasks with higher priority than 7.
o hpy(7«) consists of the higher-priority tasks 7; with T; < Dj.
o hpo(7k) consists of the higher-priority tasks 7; with T; > Dj.

e The schedulability test is equivalent to the verification of
t
H<t<D G+ Y, G+ > [TW G <t
Ti€hpa(7k) Ti€hp1(7k)

t
=30<t<D, C,+ Z [Tlci<t.

T;€hp1 (k)

o Apply k?U or k*Q to get the utilization-based schedulability
tests, by setting o; =1 and 0 < 5; < 1.
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Deadline-Monotonic Scheduling (cont.)

The schedulability condition of task 7y by using k?U is
QL+1 II Ww+1<2
D, J -7
7’j€hp1(Tk)
The schedulability condition of task 7, by using k?Q is

C k—1 k=1 k-1
ka <1-2) Uj+05 ((Z U»P+0 U?)) :
k 1

i=1 i=1 i=

e It can be proved that the speed-up factor of DM is 1.76322,
compared to EDF.
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Uniprocessor Self-Suspending Task Systems

Forall0 <t < Ty

Schedulability test for task 7y:

Jtwith 0 <t < Ty and Cy+ S+ Wi (t) < t.
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Uniprocessor Self-Suspending Task Systems

Forall 0 <t < Ty
k—1 :
Wk(t) = ; (’V?I—‘ — 1) G +2G;.
Schedulability test for task 7y:

Jt with 0 <t < Ty and Cp + Sk + Wi (t) < t.

bursty=2C;

I ~ I

I

h I

I

I

I I

I I

dk dk
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Uniprocessor Self-Suspending Task Systems

Forall 0 <t < Ty
k—1 ;
Wi (t) = = —1)G+2G.
0= ([ 5| -1)arac
Schedulability test for task 7y:
Jt with 0 <t < Ty and Cp + Sk + Wi (t) < t.

bursty=2C;

~
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Uniprocessor Self-Suspending: k2U Framework

o Let t; be L%J T;

e When testing task 7,
e qi<a=2and 3 <B=1fori=1.2,..., k-1

e By using kU framework, 7 is schedulable by RM scheduling
if

(C”Sk H(U +1)

In the key lemma:
k—1
( ) H BU; +1) < —+1

| Q
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Utilization Bounds

mec

ortmun

t
d

Let t; = L%J T;. Therefore, we have a; <2 and 5; < 1.

Theorem (Liu and Chen in RTSS 2014)

Any implicit-deadline sporadic self-suspending task set is
schedulable under RM if the following conditions hold:

Sk 1
Vi<k<n|U+=|<1-(2|+1)-(1-———F+——]. (3
@ )< H,-k_f(UfH)) ©

Theorem (Liu and Chen in RTSS 2014)

Any implicit-deadline sporadic self-suspending task set is
schedulable under RM if the following conditions hold:

Sk +1; >
V1<k<n U+ Yk —1 (4)
XA

h itat £ fakultat fir computer
d Uinformatik (S |2 science 12 Prof. Dr. Jian-Jia Chen (TU Dortmund)

28 / 38



Uniprocessor Non-Preemptive (NP) Scheduling

Let a =Cx+ B+ ZT;thg(Tk) C;, where By is {maxT'.E,p(Tk) C,-}.
The schedulability condition of task 7y by using k?U is

<&+1> I w+1 <2 (5)

7’j€hp1(7'k)

[Theorem 4 in von der Briieggen, Chen, and Huang, 2015]
Suppose that v = max,, {maxT,.e,p(Tk) {C%}} A task set can be
feasibly scheduled by RM-NP if

2 .
Vi, {%Jr/n(m) ty<l

ﬁ ify>1

(left as an exercise)
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Real-Time Systems with Mode Changes

e Real-time tasks run in different modes over time to react to
the change of physical environments
¢ Avionic systems
e Automotive systems

rotation (rpm) || functions to be executed
[0,2000] f1(); F2(); £3(); F4();
(2000, 4000] || £1(); F2(); £3();
(4000,6000] || £1(); F2();
(6000,8000] | F1();

=

58

2z
@
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Multi-Mode Task Model

e A multi-mode task 7; is denoted by a set of triplets:

o (™ denotes the worst-case execution time (WCET) of task 7;
under mode m

e T/ denotes the minimum inter-arrival time of task 7; under
mode m

e D™ denotes relative deadline (Constrained-deadline system
(D" < TM)

e Fixed-priority scheduling
o Fixed-priority task-level (FPT)
e Fixed-priority mode-level (FPM)

| technische universitat S fakultat far computer
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Problems with a Naive Analysis

Deadline miss during mode transition under fixed-priority scheduling

¢ T = {7—% = (2’373)77—12 = (47 878)}
o 7 =(4,12,12)

T, T2 i i i ,
1
T =(2.3,3) i |7'z i |7'2 i |T2 i |7'2
T = (4,12,12) >
0 3 6 9 !
2 1
T1,T2 Ti, T2 1
1
2
Ty (47 8> 8) 7-12 | T2 7'12 !
T2 = (4,12,12) >
0 8 :
1
1 1 2
L T, T2 Ti Ty Ti miss
7 = (2,3,3) 1 1 1 ] 2
2 = (4,8,8) i | (RN G | 2| | T2 (AU ‘
= (412,12) g 3 6 9 12
M | technische universitat T fakultat fir computer
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A Safe Exponential-Time Test

Theorem
Task mode 7} is schedulable under an FPM scheduling if

Yy >0, Vcombinations of t; with 0 < ¢/ < t{\;,Vi=1,2,... k-1

k—1 j—1
=12 kst oy U S (U )+ SO <
i=1 i=1

C™™ is the maximum execution time among the modes of task 7; with priority
higher than or equals to task mode 7. U™ is the maximum utilization
among the modes of task T; with priority higher than or equals to task mode

78, The constant t; is defined as T + y.
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A Safe Exponential-Time Test

Theorem
Task mode 7} is schedulable under an FPM scheduling if

Yy >0, Vcombinations of t; with 0 < ¢/ < t{\;,Vi=1,2,... k-1

k—1 j—1
=12 kst oy U S (U )+ SO <
i=1 i=1

C™™ is the maximum execution time among the modes of task 7; with priority
higher than or equals to task mode 7. U™ is the maximum utilization
among the modes of task T; with priority higher than or equals to task mode

78, The constant t; is defined as T + y.

Hint: the above test also requires to enumerate all possible orderings. Under

k2Q, it is possible to safely only test one specific ordering.
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Utilization Test under FPM-RM

For a given y, we have C,f +y - Ul < (T +y)- Ul So, the
remaining is a case with a1 = 1 and 8; = 1 in the k>Q framework.

Theorem

Task 71 in a multi-mode task system with implicit deadlines is schedulable by
the mode-level RM scheduling algorithm on a uniprocessor system if the
following condition holds

k—1 k—1 k—1
UR> <1-2> U™ 405 ((Z Ur9)? 4+ (O_(Ur™) > (6)

i=1 i=1 i=1
or .
-1
k—1 k
max < (22 (2 /2 +2umax—"—
s (4 )( V22U k_1>, ™)
or
k—1 k 1 2k H
o= fk>3
Up 4 S um < VR ( = 1)’ ' (8)
,-z:; { - 1 otherwise.
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Framework

Demonstrated Applications: Task Models J
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by Definition 1
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Framework

Demonstrated Applications:

Task Models

Derive parameters
by Definition 1

define t;, Vi < k and order k — 1ftasks

Derive parameters
by Definitions 3 or 4

define the last release time ordering 7 or use Lemma 6 or 12
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QOutline

Conclusions
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Polynomial-time schedulability test framework

e Basically handles many problems very well with low time
complexity

e The first evidence to translate exponential-time schedulability
tests to (potentially) linear-time tests with test quality

guara ntees
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Polynomial-time schedulability test framework

e Basically handles many problems very well with low time
complexity

e The first evidence to translate exponential-time schedulability
tests to (potentially) linear-time tests with test quality
guarantees

e Can we derive the coefficients «; and 3; automatically?

e Yes, for some well-studied forms. See our recent technical
report. One commonly used class as an example:

k—1
40 < t < Dy s.t. Ck—{—ZO' (’77{-‘ C,'—|—bC,') <t.
i=1

]

¢ No idea yet for arbitrary forms
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Other Applications

e Multi-frame task model

e Digraph task models

e Uniprocessor/Multiprocessor scheduling with self-suspensions
e Multiprocessor global DM scheduling

o Multiprocessor partitioned RM/DM scheduling

e Multiprocessor scheduling with DAG structures

e etc.
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